We prove an upper bound on the diffusivity of a general local and translation invariant quantum Markovian spin system:
Introduction
Quantum transport processes are at the heart of experimental studies of -for example -unconventional metals [1, 2, 3] , ultracold atomic gases [4, 5, 6, 7, 8, 9] and potential spintronic systems [10, 11, 12, 13, 14] . It is crucial to have theoretical tools that connect transport observables to microscopic processes. In quasiparticle systems such as conventional metals, Fermi liquid theory and Boltzmann equations offer an excellent and well-understood handle on transport [15] . For strongly quantum transport regimes, however, there are many fewer tools available. Controlled theoretical work with realistic interactions has largely been restricted to numerics in one spatial dimension, e.g. [16, 17, 18, 19, 20] .
For general ballistic systems, several important, rigorous bounds on quantum transport have been established. The Mazur-Suzuki inequality bounds the Drude weight in terms of the overlap of currents with conserved charges [21, 22, 23] . The Lieb-Robinson velocity v LR bounds the propagation of linearly dispersing collective modes, such as spin waves, by a microscopic velocity determined by couplings in a local Hamiltonian [24, 25] .
as D v 2 LR τ th [29] . Here τ th is a 'local thermalization time'. This relation usefully identifies key physical ingredients that must constrain diffusive transport. However, it is not totally satisfactory because a numerical prefactor is undetermined and furthermore the timescale τ th was not precisely defined.
In this work we prove a rigorous and precise upper bound on the diffusivity of general quantum Markovian spin systems. The full result is given in (38) below. In the limit of long decoherence time τ , the bound takes the form D ≤ αv LR v C τ . This expression is the dissipative counterpart of the earlier bound [29] , and all quantities on the right hand side will now be precisely defined. Furthermore, the velocities v LR and v C are straightforwardly computed given a microscopic Hamiltonian while the dimensionless coefficient α and decoherence time τ can be independently and unambiguously determined from local non-transport observables.
Therefore, this bound can be precisely verified in experiments. It amounts to a generalization of the Lieb-Robinson bound to the diffusive behavior of conserved densities, in the context of dissipative quantum Markovian dynamics.
Translation invariant Lindbladian dynamics
Our results will be obtained within the framework of non-unitary quantum dynamics. This describes the quantum evolution of a dissipative system coupled to an external environment.
We will be interested in timescales much longer than the relaxation time of the reservoir, where the dynamics can be well approximated as Markovian and hence described by the Lindblad equation [30, 31] . The final state of Lindbladian non-unitary dynamics is expected to be an infinite temperature generalized Gibbs ensemble, so our diffusive dynamics occurs close to this state. Of crucial importance for us will be the fact that a Lieb-Robinson velocity exists for Lindbladian dynamics [25, 32] . The analogous velocity for local unitary dynamics in a finite temperature state is likely the buttery velocity [29, 33, 34, 35, 36] , but a bound on this velocity has not been established.
We will assume that the external bath couples locally in space and time to the degrees of freedom of interest, and furthermore preserves spatial translation invariance. In this case, the most general Heisenberg equation of motion for an operator O on a lattice takes the Lindblad forṁ
where x is the lattice index and H x is a term in the Hamiltonian localized near lattice site
x. We will call c ≥ 0 the decoherence strength and correspondingly L α x are decoherence operators localized near site x. The superscript α takes into account that there may be more than one type of decoherence.
Throughout, we will illustrate our general formalism and results with the example of an infinite, spin-half antiferromagnetic XXZ chain with dissipation due to on-site dephasing:
Here X x , Y x and Z x are Pauli matrices acting on spin x ∈ Z and ∆ > 0 is the anisotropy.
The above dephasing Lindbladian is a common phenomenological description of decoherence due to coupling to, for example, a photon or phonon bath [37] . Diffusion in this model was studied numerically in [38, 39, 40, 41, 42] , and we will be able to compare with those results.
Our general approach, however, is not limited to one dimensional systems.
The model (2) and (3) has a conserved charge, so that
Therefore, we will be interested in spin transport in this example. Abstractly speaking, we require a local charge operator C such that
where C x is the operator C translated to site x. The presence of a conserved operator in the sense of (5) has important consequences for the dynamics on the longest timescales, after all non-conserved operators have decayed. A single, scalar conserved operator is expected to lead to a diffusive mode with long wavelength dispersion [43] 
Here D is the diffusivity and . . . denotes terms of higher order in the wavevector k. Our objective in the remainder is to connect the microscopic Lindbladian dynamics (1) to the long wavelength hydrodynamic mode (6) , and in this way bound the diffusivity D in terms of microscopic quantities.
The diffusive mode (6) describes the relaxation of a coarse-grained charge density operator C. To define this operator carefully, we proceed as follows. Firstly, to exploit the translation invariance of the dynamics, we introduce the linear space of operators O k with wavevector k, analogous to the usual Fourier space of functions. This operator space is defined to be the space of all operators O on an infinite lattice Λ such that
where T x is the superoperator that translates operators by a vector x.
It will be useful to take the following basis of operators in O k . Fix an origin of the lattice and a directionk of the wavevector. We can then write the basis elements of O k as
where {O a } is the set of product operators that are localized in the region {x ∈ Λ | x ·k ≥ 0}
and are not the identity at the origin 1 . For example, in the case of the XXZ chain, the {O a } can be chosen as strings of Pauli operators starting at the origin (choosingk to be the direction of increasing x):
where subscripts are lattice indices x ∈ Z. The corresponding basis elements in (8) are then operators such as
from which it is clear that (X 0 Y 1 ) k and (X 1 Y 2 ) k only differ by a phase prefactor. This is why only operators starting at x = 0 are included in (9).
Translational symmetry implies that for any vector k the space O k is preserved by time evolution. Therefore, it is possible to diagonalize ∂ t in each k-sector. An eigenoperator
for some ω(O, k) ∈ C and with Im ω ≤ 0. Note that i∂ t is not Hermitian but the negative imaginary part of its eigenvalues means that time evolution is stable. In order to reproduce (6), the coarse-grained charge operator C k will be an eigenoperator of ∂ t with
which defines the diffusivity D of the conserved charge. More generally D may depend on the direction of k, and this definition works for any fixed direction of k. At k = 0 the eigenoperator C k of ∂ t need not be identical to the operator C k obtained from the microscopic conserved charge (5). However, if we expand C k in the eigenbasis of ∂ t in O k , all modes but C k will decay away and C k (t) is effectively proportional to C k (t). At late times,
We are able to discuss diffusion as an operator equation, as in (11) and (12) above, because decoherence causes operator norms to decay. This is a significant technical simplification relative to the case of unitary evolution at finite temperature, where diffusion only occurs within thermal expectation values. In the following section we compute Ω k in small k perturbation theory. This will give an explicit expression for D, as well as the condition for the absence of ballistic transport, in which Ω k ∼ k.
Perturbation theory at small wavevector
In order to bound D it remains to evaluate and bound −iΩ k . Recall that −iΩ k is the eigenvalue of ∂ t in O k with the smallest in magnitude real part. We anticipate that in the limit of long wavelength (small k), this decay rate vanishes. Therefore it can be evaluated perturbatively, by expanding ∂ t | O k in powers of k. Write the expansion (after fixing a direction of k) as
which defines superoperators L i .
To illustrate the expansion (13), consider again our exemplary XXZ chain. The equation
from which one reads that the matrix elements of
and is −2(e −ik − 1) between |Z 0 ) and |Y 0 X 1 ). The upshot is that with respect to the Pauli string basis in (9), ∂ t | O k is represented as a k-dependent matrix. In the k → 0 limit it suffices to expand this matrix in orders of k and in this way obtain the superoperators in (13) . In particular, from (14) we have
We see that L 0 |Z 0 ) vanishes as expected because Z is the conserved charge.
Returning now to the general case, we can find the eigenvalue −iΩ k of ∂ t | O k in perturbation in small k (cf. the memory matrix formalism [44, 45] ). At k = 0 we know that the eigenvector is the conserved charge |C), with vanishing eigenvalue. Using standard second-order perturbation theory:
where the |E 0 a ) are a basis given by linear combinations of the |O a ) in (8) such that
The corresponding eigenoperator is
which is the dressed charge operator. We are assuming that the only operator with E 0 a = 0 is the single conserved charge C. It is straightforward to extend our analysis to a finite number of conserved charges. We will be more precise about the absence of additional slow operators in the following section. Because of the non-unitary time evolution, the superoperator ∂ t is not antihermitian in general and the eigenoperators |E 0 a ) are not necessarily orthogonal. The above perturbation theory formulae retain their standard form, but (E 0 a |O) must be interpreted as the coefficient in front of |E 0 a ) in the expansion of |O) in the basis {|E 0 a )}. Our main objective will be to use the perturbative expression (16) to bound the diffusivity (12) . However, in simple models such as the dissipative XXZ chain given by (2) and (3) 
where L dis [O(t)] is the second sum in (1). This is the same dissipator as is used in [38] . 2 The explicit computation is easiest in the limit c 1, where the Hamiltonian term in (1) is negligible compared to the dephasing term. In this limit (16) becomes
where . . . includes terms of higher orders in k and c −1 . We have used the fact that in this limit products of Pauli operators are eigenoperators of ∂ t , for instance |X 0 Y 1 ) and |Y 0 X 1 ) correspond to eigenvalues −8c from equation (18), as well as the fact that the dissipators L x = Z x commute with Z, so from (1) it follows that (15) remains unaltered for c > 0. Note
From (12) we see that the system is diffusive with
for strong decoherence c 1.
The asymptotic behavior (20) (18). These results on the XXZ example agree with those in the literature [38, 39, 40, 41, 42] . In particular, for 0 < ∆ < 1 the system is known to show ballistic spin transport in the absence of dephasing (c = 0). Therefore, while transport is diffusive at nonzero dephasing, the diffusivity diverges as c → 0. In the strong interaction regime ∆ > 1, the c = 0 model is known to be diffusive. Correspondingly, as c → 0 we recover the known finite value of the infinite temperature diffusivity. 
Constraints from the Lieb-Robinson bound
As for the XXZ example in the previous section, for the system to be diffusive rather than ballistic, (C|L 1 |C) must vanish in (16) . Indeed, note that |J) = L 1 |C) is the current operator.
It is known from the Mazur-Suzuki bound [21, 22] that if (C|J) = 0, transport is ballistic.
In the remainder we restrict attention to non-ballistic systems. Then the diffusivity can be rewritten as
where (16) has been replaced by an integral of exp L 0 t . This exponential generates time evolution according to L 0 , i.e. the dynamics in the operator space with k = 0.
Written as (21) , D is manifestly real because in a basis of hermitian operators L 0 , L 2 are real matrices and L 1 is imaginary, and furthermore (C| is a real vector.
In order to isolate the dynamics of the conserved density (it is simple to extend to the case of a finite number of conserved charges) we make the physical assumption that all local operators other than the charge density decay exponentially, at least as fast as e −t/τ . Here In the remainder we will bound the diffusivity by the Lieb-Robinson velocity and the decoherence time τ .
Let · be any operator norm contracted by the time evolution (1) . 3 This induces a seminorm (with |I) = 0) for |O) ∈ O 0 :
where N = x 1 is the total number of lattice sites. The reason to take the k → 0 limit last is that in this way the identity operator is projected out, cf. footnote 1 above. As an example,
and generally
by the triangle inequality. From the definition (22) , this seminorm is also contracted by time evolution. As a result of contraction in time combined with the single-mode ansatz:
which bounds the norm of the k = 0 state corresponding to any operator by its projection onto the conserved charge. Here we used the fact that the decay of any local non-conserved operator O implies the decay of the corresponding state in
We proceed to use (25) to bound the two terms in the diffusivity (21) . For the first term,
It will be important that, given the operator equation of motion, the right-hand side of (26) is easily calculable while evaluating (C| can be complicated for non-unitary dynamics.
It remains to bound the second term in (21) . For any local operator O such that
where in the first equality we note L 0 |C) = 0 and (C|L 1 |C) = 0; the second equality uses the fact that (C|L 0 = 0. In (27) , ∂ k is defined to be the k-derivative of the components of matrices such as L or vectors such as |O) in the prescribed basis |O a ) in (8) . Explicitly, any local operator P can be uniquely decomposed as
Hence in the {|O a )} basis,
which is seen to be the first moment of the operator P . Note that ∂ k |P ) depends on P not just on |P ). Using (27) in (25) gives the bound
The freedom of adding multiples of C to the operator O in (30) allows us to choose O as follows. First pick an operator J (the current) localized near the origin such that |J) = L 1 |C), and then decompose it according to the single-mode ansatz
where O is also an operator localized near the origin such that
From this bound on Ȯ (t) we must obtain a bound on ∂ k |Ȯ(t)) , that appears in (30) .
This is the step where the Lieb-Robinson velocity will appear.
Let P l for l ∈ R be the projection onto the operator subspace spanned by all product operators supported on the half-spacek · x ≥ l and Q l be the projection onto operators not supported onk · x ≥ l so that their sum is the identity. By an adaption 4 of the Lieb-Robinson bound [25, 32] for (32), there exist A , v, ξ > 0 such that for all l ∈ R, t > 0,
The length ξ is just the range of interactions in the microscopic equation of motion (1) . In (29) we saw that ∂ k corresponds to taking the first moment. Therefore we can write
To see this, note that
, which is precisely the first moment in (29) . The second integral of Q l similarly takes care of thek · x ≤ 0 terms. Using equations (33) and (34) then gives
Substituting into (30),
4 By [48] , for any l ∈ R and t > 0 there exists
} and plug in (32) to obtain (33) . Similarly for (34) except
Putting the above results together we obtain the diffusivity bound
Here 
Final comments
Spin transport in the dephasing XXZ chain illustrates how our bound (38) , where E 1 k ∈ C is the first eigenvalue of ∂ t | O k above the slow mode. This eigenvalue can be evaluated numerically by truncating the operator space as described around Fig. 1 . For the value of ∆ = 0.5 in Fig. 1 we find that the ratio D/(10τ ) = 0.38(2), remains finite as c → 0. The bound indeed controls the divergent behavior at small c. We have not attempted to compute the coefficient α here.
We end with several broader comments. It is straightforward to generalize our argument to the case where there are multiple conserved modes. However, (exponential) locality of interactions and a finite thermalization time are essential, as otherwise there can be superdiffusive transport [5, 7, 42] , where the perturbation theory (16) is no longer valid due to degeneracies or divergences.
The decoherence-induced decay of certain operators (for example long Pauli strings in (18) ) is phenomenologically similar to the decay of the thermal expectation values of those operators. The bound on the rate of decay of operator norms that we have established in a dissipative setting is therefore suggestive of an analogous bound for unitary evolution in a finite temperature thermal state. This notion is further supported by the general causality arguments in [29] . However to make a rigorous connection with unitary quantum dynamics in a thermal state, there will be several challenges to overcome. The diffusivity must be discussed in terms of expectation values rather than operators. Yet, a thermal expectation value counterpart of the Lieb-Robinson bound is lacking, and projections with respect to thermal inner products (see for example the section on memory matrices in [45] ) are difficult to evaluate and interpret. These interesting problems are left for future work.
If a rigorous bound of the form D v 2 τ + vξ can indeed be established for diffusion in finite temperature states, it may shed light on the phenomenon of resistivity saturation [1, 2] . As temperature is increased τ will typically descrease, but ξ is a microscopic and temperature-independent lengthscale. Therefore, the resistivity ρ ∝ 1/D 1/(v 2 τ + ξv) is able to saturate at high temperatures where vτ < ξ.
